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Decelerating Boundary Layer: A New Scaling
and Mixing Length Model

A. Bernard,¤ J. M. Foucaut,† P. Dupont,† and M. Stanislas‡

Laboratoire de Mécanique de Lille, 59655 Villeneuve d’Ascq, France

A modelexperimenthas been designed in the frame ofa coordinatedEuropean project called AEROMEMS. This
model is a two-dimensionalbump in a boundary-layerwind tunnel, which mimics the adverse pressure gradient on
the suction side of an airfoil at the verge of separation. The � ow is characterized mainly by hot-wire anemometry.
The integral parameters and the mean velocity pro� les are compared to existing models and to Navier–Stokes
computations. A new scaling and a new mixing length model are proposed and validated on the Ludwig and
Tillman data also.

Nomenclature
C f = skin-friction coef� cient, ¿p= 1

2 ½U 2
e

C p = pressure coef� cient, 1P= 1
2 ½U 2

e
dP=dx = pressure gradient, Pa/m
H = shape factor; see Eq. (5)
H12 = shape factor, ±¤=µ
H23 = shape factor, 1=H32

H32 = shape factor, ±¤¤=µ
h = height of the bump, m
lm = mixing length
P = pressure, Pa
PC = pressure gradient in wall units; see Eq. (6)
Rc = wall radius of curvature
Re±¤ = Reynolds number based on the

displacement thickness
Reµ = Reynolds number based on the momentum thickness
s = curvilinear abscissa along the bump wall; origin

at the top of the bump, m
Ue = external velocity, m/s
U/ = freestream velocity, m/s
u, v = velocity components tangential and normal

to the surface, m/s
u p = scaling velocity of Durbin and Belcher21

us = scaling velocity of Perry and Sho� eld12

u 0
s = modi� ed scaling velocity

u¿ = friction velocity, m/s
u 0 = longitudinal turbulence intensity
u 0

i = velocity � uctuations components,m/s
u 0

i u
0
j = components of the Reynolds stress tensor,

also u 0v 0, etc.
uC = mean velocity in wall units, u=u¿

u 0C = longitudinal turbulence intensity
in wall units, u 0=U¿

x , y, z = longitudinal, vertical, and transverse coordinates,m
yC = normal coordinate in wall units, y ¢ u¿ =º
® = curvature mixing length coef� cient
¯ = nondimensionalpressure gradient; see Eq. (6)
¯ 0 = nondimensionalpressure gradient; see Eq. (6)
± = boundary-layer thickness, m
±C = boundary-layer thickness in wall units, ± ¢ u¿ =º
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±¤ = displacement thickness,m
±¤¤ = energy thickness,m
´ = coordinate normal to the bump, m
´C = coordinate normal to the bump in wall units, ´U¿ =º
µ = momentum thickness, m
· = von Kármán constant
º = � uid kinematic viscosity, m2/s
½ = � uid density, kg/m3

¿ = friction, kg/m2 ¢ s
¿w = wall friction, kg/m2 ¢ s
Â = half-power mixing length coef� cient

I. Introduction

I N the past 10 years, signi� cant progress has been made in both
numerical and experimental� uid dynamics.New tools are avail-

able that allow deeper insight in the physics of complex � ows, in-
cluding turbulence. Also, development of microelectromechanical
systems is opening a new � eld of � ow actuation at a small scale
and at low energy cost.1 The main advantage of such devices is
that they could be integrated smoothly in the skin of the airfoil,
acting only when needed. The control of the � ow around an airfoil
at high angle of attack is, of course, of strong interest. Such a � ow
is encountered in several � ight phases (takeoff, landing, maneuver,
etc.) and can lead to partial or large separation, with well-known
consequences(vibration, drag increase, and loss of control). This is
mainly because the boundary layer developing on the suction side
is rapidly encounteringa more or less strong adverse pressure gra-
dient, which leads it more or less rapidly to separate. The turbulent
boundary layer (TBL) submitted to an adverse pressure gradient
(APG) is thus a subject of prime importance in aeronautics, and it
has been studied quite extensively, both theoretically and experi-
mentally, since the 1950s. The � rst reliable experiments mentioned
are due to Ludwig and Tillman.2 It is not the aim here to make a de-
tailed review of the state of the art about this subject. Good reviews
can be found by Coles and Hirt3 and Spalart and Watmuff.4 Only
a few points relevant to the present contributionwill be mentioned.
In the present experiment, the TBL is submitted to both a varying
pressure gradient and a varying wall curvature (going from convex
to concave). Although many contributionscould be cited, the effect
of wall curvature can be summarized through the studies of So and
Mellor,5 MeroneyandBradshaw,6 andRamaprianandShivaprasad.7

On convexwalls, evenwith mild curvature (±=Rw ¼ 0.01), the effect
is signi� cant in the outer part of the BL. The strength of the wake is
increased, but it deviates from the Coles8 law. The shear stress and
turbulence intensity decrease. The near-wall region is less affected,
and the law of the wall holds. Along concave walls, for equivalent
values of ±=Rw , unstable Görtler vortices appear, which lead to an
increase of the turbulent shear stress and intensity and, in some
cases, to the suppression of the law of the wall.

This law of the wall was shown to be fairly independent of the
pressure gradient by Coles8 in 1956, where he used the available
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experimental results at that time to introduce his law of the wake.
Coles suggested that ± should be proportional to ±¤Ue=u¿ . He also
mentioned the idea of “equilibrium � ow” as introduced by Clauser
in 1954forTBL submitted to adversepressuregradientsbut keeping
a universalvelocitydefect law. Coles showed that such “equilibrium
TBL” should have a constant5 parameter.This idea of equilibrium
TBL was developed by Townsend,9 who gave it a theoretical basis
linked to the equationfor the turbulentkineticenergy.He introduced
a difference between self-preserving � ows and equilibrium layers.
He notably showed that the law of the wall is linked to an equilib-
rium between strong productionand dissipationof turbulentkinetic
energy.He was also the � rst to infer the existenceof a regionvarying
with

p
y in the mean velocity pro� le. An interesting contribution

was made by Perry et al.10 from the study of different nonequilib-
rium TBL. They introduced a decomposition of the wall region in
three main regionsand, from a similarityanalysis,they could extend
the Townsend theory9 of the existence of a half-power-law region
in the mean velocity pro� le above the law of the wall region, with a
small blending region in between. Soon after, Perry,11 by studying
TBLs in decreasingAPGs, extended the regional similarity hypoth-
esis of Perry et al.10 and showed evidence of regions of linear and 3

2
power laws in the velocitypro� les. This was explainedby a stronger
contributionof higher-order derivatives of the streamwise pressure
distribution. Perry and Sho� eld12 developed a velocity defect scal-
ing based on a new velocity scale us determined by analogy with
the Clauser plot but using the half-power law instead of the log law.
The corresponding length scale was

B D 2:86±¤.Ue=us / (1)

Samuel and Joubert13 did a detailedstudyof a boundarylayer devel-
oping in an increasingly adverse pressure gradient. (Thus, dP=dx
and d2 P=dx2 were positive.) As will be seen, this situation corre-
sponds to the beginning of the present APG region. The authors13

obtained a fairly good veri� cation of the law of the wall, all along
the APG region of their � ow. However, they showed that neither
the half-power law of Perry et al.10 nor the Townsend model9 were
able to represent the mean velocity pro� le above the log law. More
recently, Dengel and Fernholtz14 revisited the scaling proposed by
Perry and Sho� eld.12 Dengel and Fernholtz14 showed that the mean
velocity pro� les were quite universal in this representation,but that
they were best represented by an empirical seventh-order polyno-
mial. The � nal contribution that should be mentioned here (without
trying to be exhaustiveon the subject of TBL submitted to an APG),
is that of Skare and Krogstad15 on an equilibrium TBL in strong
APG. After rede� ning carefully the concept of equilibrium � ow
and its consequencesfor all mean � ow properties, they did a careful
experimental study, which showed that the gradient of the mixing
length was increasing from · D 0.41 near the wall to · D 0.78 at
the end of the log region. This did not in� uence the mean velocity
pro� le, which followed closely the law of the wall with the usual
coef� cients. They also observed a strong production of turbulence
in the outer part of the layer (around y=± D 0.45) accompanied by
signi� cant diffusion of turbulent kinetic energy toward the wall and
by a strong dissipation also in the outer layer. As can be seen from
this brief review, apart from the law of the wall, which seems to
have a wide range of validity, unanimity is far from being reached,
even for equilibrium APG TBL, on the universal representation of
even the mean velocity pro� le.

II. Experimental Setup and Instrumentation
All of the measurements were performed in the Laboratoire de

MécaniquedeLille boundary-layerwind tunnel.The boundarylayer
developson the lower wall along a channel of constant cross section
and 15 m long. It then enters a 5-m-long test section that has trans-
parent walls. The tunnel section is 1 £ 2 m2. The maximum exter-
nal velocity is 10 m/s, to allow Reynolds numbers Reµ based on the
momentum thicknessbetween7.5 £ 103 and 2 £ 104 to be obtained.
This wind tunnel is computer controlled. The velocity is regulated
better than 1% and the temperature better than 0.2±C during time
periodsofmore than8 h. This boundarylayerhas beencharacterized
in detail by hot-wire anemometry in a previous study (Stanislas,M.,
Foucaut, J. M., Carlier, J., and Dupont, P., “Detailed Characteriza-

Table 1 Coordinates of the bump

Converging Diverging
x , m part y, m s, m x , m part y, m s, m

15.50 0.000 ¡1.549 17.20 0.325 0.202
15.60 0.002 ¡1.449 17.35 0.308 0.350
15.80 0.014 ¡1.249 17.40 0.300 0.400
16.00 0.044 ¡1.047 17.60 0.258 0.603
16.20 0.099 ¡0.840 17.63 0.251 0.640
16.40 0.178 ¡0.624 17.80 0.207 0.812
16.60 0.257 ¡0.408 17.90 0.181 0.918
16.80 0.310 ¡0.204 18.00 0.155 1.018
17.00 0.331 0.000 18.20 0.103 1.225

18.24 0.093 1.267
18.40 0.058 1.429
18.58 0.031 1.611
18.60 0.027 1.632
18.80 0.006 1.833
19.00 0.000 2.033

Fig. 1 Bump pro� le, computed pressure coef� cient and BL shape
factor.

tion of a High-ReynoldsNumber BoundaryLayer, Part 1: Statistical
Study,” manuscript in preparation). The reference frame is chosen
in the vertical plane of symmetry, attached to the lower wall. The x
axis is along the wall and the � ow, y is normal to the wall, and w is
parallel to the wall and normal to the � ow.

The pressure gradient undergone by the boundary layer in the
upstream 15 m of the channel is very small (¡0.53 Pa/m at 10 m/s).
To study a boundary layer in a signi� cant adversepressuregradient,
the lower wall has been modi� ed. A bump generates � rst a strong
favorable pressure gradient and then an adverse pressure gradient.
The shape of the bump has been computed at Dassault Aviation, us-
ing a two-dimensional Navier–Stokes solver with a k–" turbulence
model, to avoid separation in front of the bump and to generate an
adverse pressure gradient representative of an airfoil at high angle
of attack. This shape is presented in Fig. 1. Care was taken to bring
the boundary layer on the verge of separationbut to prevent it from
separating, to avoid three-dimensional perturbations.Table 1 gives
the coordinates of the bump in the reference frame of the wind tun-
nel. The last column is the curvilinear abscissa s along the bump
with the origin taken at the point of maximum height. In Fig. 1 the
computed pressure coef� cient C p and shape factor H as a function
of x are also given. The shape factor reaches a maximum value of
1.66 at x D 18.70 m, which is just the end of the bump. This value
is characteristicof a strongly destabilizedBL, which is not very far
from separation. The bump has the shape of a half-airfoil. It has a
maximum height of 0.33 m above the � oor of the wind tunnel and
a length of 3.40 m. Its angle of incidence can be adjusted within
§3 deg to adjust the pressure gradient at best to the computations.
A careful alignment of the model allows keeping the whole sur-
face within §2 mm from the pro� le de� ned by the Navier–Stokes
computations.

To characterize the basic � ow, mainly hot-wire anemometry was
used. In the present study, only single wire probes were used. They
were manufactured by AUSPEX with platinum plated tungsten
wires 2.5 ¹m in diameter and 0.5 mm in length. These probes were
approachedat 0.2 mm from the wall. The probes were mountedon a
traversing system, which was computer controlled.Calibration was
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Table 2 Pressure distribution obtained from experiment and computation

C p dP=dx dC p=dx C p dP=dx dC p=dx
x , m s, m experiment experiment, Pa/m experiment computation computation, Pa/m computation

17.35 0.350 ¡1.322 78.4 0.705 ¡1.425 78.5 0.601
17.63 0.640 ¡0.805 84.1 0.893 ¡0.923 80.6 0.743
17.90 0.918 ¡0.382 57.3 0.700 ¡0.460 57.3 0.635
18.24 1.267 —— 30.2a 0.425 ¡0.142 30.2 0.398
18.58 1.611 —— 13.4a 0.200 ¡0.034 13.4 0.196

aEstimated.

Fig. 2 Comparison between computed and measured pressure
distribution.

performed at midheight of the wind tunnel, in a region where the
velocity pro� le is uniform. The probes were connected to a four-
channel AN-1003 AAlab hot-wire anemometer. The signal from
the anemometer was low-pass � ltered at 5.5 kHz and digitized by
a personal computer equipped with an A/D converter board and a
sample and hold circuit. The acquisition frequency was 11 kHz,
and 1.1 £ 106 samples were taken for each measurement point.
Calibrationand measurementswere fully computercontrolled,with
temperature and velocity regulation.The temperature was the same
for the calibration and the measurements. Five stations were cho-
sen for the characterization of the � ow without control. They are
shown subsequently.The traversing system was adjusted normal to
the wall at each station. The two-dimensional character of the � ow
was checked both by spanwise pressure measurements and by the
wool tuffs technique.This technique was applied both on the bump
and on the ceiling of the wind tunnel to check that no separationor
important corner vortices were present.

III. Results
A. Global Characteristics

Detailed pressure measurements were performed to ensure the
two dimensionality and to characterize the pressure distribution.
This was done using a Furness FC014 micromanometer pressure
transducer with a full range of 10-mm H2O. The accuracy on these
measurementswas §0.1 Pa. The pressurecoef� cient was computed
based on the upstream outer velocity:

C p D .P ¡ Pa/
¯

1
2 ½U 2

1 (2)

Figure 2 gives the measured streamwise distributionof C p , as com-
paredto the predictionsobtainedbyDassaultAviationusingthe two-
dimensionalNavier–Stokes solverwith a k–" turbulencemodel.16;17

The numerical values are gathered in Table 2. As can be seen, the
agreement is quite good between the two results. This was obtained
by adjusting carefully the angle of incidence of the bump.

Table 3 gives the global parameters deduced from the measured
velocity pro� les as a function of the abscissa x and the curvilinear
coordinate s (origin at x D 17 m, which is the top of the bump) and
Table 4 the same parameters but provided by the Navier–Stokes
computations and using the modulus of the velocity to compare at
best with the single hot-wire experimental results. For the experi-
ments, the skin friction is deduced from a Clauser plot, supposing
that the von Kármán constant is · D 0:41. The local skin-friction
coef� cient is

C f D ¿p

¯
1
2 ½U 2

e (3)

Table 3 Global parameters of the BL: experiments

x , m

Parameter 17.35 17.63 17.90 18.24 18.58

s, m 0.350 0.640 0.918 1.267 1.611
Ue, m/s 13.61 12.53 11.68 10.88 10.56
±, m 0.115 0.188 0.249 0.364 0.455
±¤ , m 0.0066 0.0169 0.0329 0.0618 0.0782
µ , m 0.0053 0.0128 0.0224 0.0363 0.0462
±¤¤ , m 0.0099 0.0234 0.0396 0.0662 0.0784
H12 1.24 1.319 1.471 1.703 1.693
H32 1.858 1.820 1.772 1.715 1.697
H 1.18 1.05 0.95 0.87 0.85
C f 0.0031 0.0017 0.0008 0.0003 0.0005
U¿ , m/s 0.535 0.365 0.240 0.140 0.165
Reµ 4,887 10,501 17,131 26,112 32,384
Re±¤ 5,988 14,117 25,618 44,825 55,052
±C 4,293 5,765 4,399 4,975 5,308
PC 0.0064 0.0216 0.0518 0.1376 0.0373
¯ 1.51 8.89 27.27 79.35 32.07
¯ 0 0.059 0.259 0.560 1.021 0.501

Table 4 Global parameters of the BL: computations

x , m

Parameter 17.35 17.63 17.9 18.24 18.58

s, m 0.350 0.640 0.918 1.267 1.611
Ue, m/s 14.75 13.45 12.26 11.26 10.67
±, m 0.137 0.178 0.235 0.316 0.334
±¤ , m 0.0059 0.0128 0.0256 0.0479 0.0677
µ , m 0.0047 0.0098 0.0178 0.0284 0.0361
±¤¤ , m 0.0088 0.0179 0.0314 0.0480 0.0593
H12 1.246 1.303 1.433 1.688 1.876
H32 1.852 1.819 1.761 1.690 1.643
H 1.15 1.05 0.93 0.84 0.80
C f 0.0069 0.0037 0.0015 0.0007 0.0009
U¿ , m/s 0.868 0.578 0.336 0.217 0.232
Reµ 4,658 8,822 14,581 21,298 25,668
Re±¤ 5,804 11,496 20,897 35,941 48,151
±C 7,928 6,859 5,264 4,571 5,166
PC 0.0015 0.0052 0.0189 0.0369 0.0134
¯ 0.51 2.58 10.81 25.61 14.04
¯ 0 0.030 0.111 0.296 0.494 0.305

and the friction velocity

u¿ D
p

¿p=½ (4)

Here ± is the boundary-layer thickness, which was estimated but
is surely the less accurate parameter in such a situation because
the velocity pro� les does not show a clear constant velocity region.
From the integral lengths, ±¤, µ , and ±¤¤ , different shape factors can
be computed:

H12 D ±¤=µ; H32 D ±¤¤
¯

µ .D1=H23/

H D 0:5442 ¢ H23

p
H23=.H23 ¡ 0:5049/ (5)

This modi� ed shape factorwas introducedby Truckenbrodt18 and is
mentioned by Schlichting19 as a more reliable separation criterion.
The range 0.723< H < 0.761 is characteristic of velocity pro� les
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prone to separate,and the value H D 1 is the limit between favorable
and adverse pressure gradient.

As can be seen, in the experiments, the boundary-layerthickness
increases very rapidly in the decelerating region. This is accompa-
nied by a strongvariationof the shape factor H12 , which stabilizesit-
self around 1.7 at x D 18:24 m. The H32 shape factor is less sensitive
and shows only a small decrease. The H shape factor is decreasing
rapidly toward separationvalues at the � rst three stations, but stabi-
lizes itself above the criticalvalue at the last two stations.The values
obtained for H12, H32 , and H in the present experiment are in fairly
good agreement with the model given by Schlichting19 (page 675,
Fig. 22.6). As expected, the skin friction decreases continuously
along the studied region (see C f and u¿ /. The two characteristic
Reynolds numbers Reµ and Re±¤ do logically increase rapidly with
x whereas the boundary-layerthickness, scaled in wall units, is kept
nearly constant.

The computational results of Table 4 show a slight underesti-
mation of the integral parameters and a signi� cant overestimation
of the skin friction, especially at the � rst station. The shape fac-
tors are in fairly good agreement, especially the H shape factor of
Truckenbrodt.18 Globally, the agreement is fairly good except at the
� rst station. This will be con� rmed by the velocity pro� les.

In Fig. 3, the external velocity is plotted as a function of the
curvilinear abscissa along the wall. Also plotted in Fig. 3 is a the-
oretical distribution obtained by writing the conservation of mass
with a � ow rate velocity of 9.4 m/s on the full height of the tunnel
(1 m). For this estimation of Ue, the height of the bump was taken
in the section of the top of the boundary layer for each station. The
displacement thickness on the bump was added to this height. No
account was taken of the displacement thickness on the upper wall
because the boundary layer is not known there. The � ow rate ve-
locity used takes into account that the regulationvelocity was � xed
at 10 m/s with a pitot tube located 0.35 m behind the end of the
bump and at 0.41 m from the upperwall. This regulationvelocity is,
thus, slightly larger than the � ow rate velocity.As can be seen from
Fig. 3, the theoretical values are in fair agreement with the experi-

Fig. 3 External velocity along the diverging part of the bump: com-
parison between experiment, theory, and computation.

Fig. 4 Distribution of skin-friction coef� cient, displacement, momen-
tum, and energy thicknesses along the bump.

Fig. 5 Pressure gradient along the bump; comparison between exper-
iment and computations.

Fig.6 Meanvelocity pro� les compared toNavier–Stokescomputations
at Dassault.

mental results. An in� exion point appears on the experimental data
at s D 0:5 m, which corresponds to the middle of a nearly constant
pressure gradient zone in Fig. 1.

In Fig. 4, the friction coef� cient, the displacement, momentum,
and energy thickness from the experiment are plotted as a function
of s. Validation measurements of C f at three stations with Preston
tubes are also shown in Fig. 4. All data show an in� exional behav-
ior analogous to that of the external velocity. The in� exion point is
farther downstream, around s D 0.80 m. This behavior is quite far
from what is observed in an equilibrium � ow (private communica-
tion, Elsberry, K., Loef� er, J., Zhou, M., and Wygnanski, I., “An
ExperimentalStudy of a BoundaryLayer That Is Maintained on the
Verge of Separation,” 2000), where ± and µ grow linearly with s,
whereas Ue follows a decreasing power law.

To conclude on the global characteristics, Table 3 gives a few
parameters associated to the pressure gradient:

PC D 1

½

dP

dx

º

u3
¿

; ¯ D 1

½

dP

dx

±¤

u2
¿

; ¯ 0 D 1

½

dP

dx

±¤

Ue ¢ u¿

(6)

The parameter PC is simply the pressure gradient scaled in wall
units.The coef� cient ¯ was introducedby Clauser, basedon the von
Kármán integralequation,and is often used as an externalscalingof
the pressure gradient. The last parameter will be discussed further
later. Nevertheless, it appears from Table 3 that all three parameters
show a rapid increasewith x with an extremumaround x D 18:24 m
and a sharp decrease after this station.

Figure 5 gives a comparison between the values of the pres-
sure gradient deduced from the pressure measurements and from
the Navier–Stokes two-dimensionalcomputationwith a k–" model.
The agreement is observed to be fairly good. The differences ob-
served between Tables 3 and 4 for the parameters PC, ¯ , and ¯ 0

are mainly due to the overprediction of the skin friction by the
computation.

B. Mean Velocity Pro� les
Figure 6 gives the mean velocity pro� les obtained by hot-wire

anemometry at the � ve stations along the wall. The ordinate ´ is
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Fig. 7 Logarithmic plot of the mean velocity pro� les in wall units at
the � ve measurement stations.

normal to the wall at each station. It is normalized by the maximum
height of the bump h D 0.33 m. The velocity is normalized by U1.
These results are also compared to the predictions performed by
Dassault, using the k–" model. The experimental results clearly
show the effect of the adverse pressure gradient. The momentum
� ux decreases very rapidly in the near-wall region, and a fairly
linear region can be clearly detected at x D 18:24 and 18.58 m.
The computationalresults overestimate the near-wall momentum at
the � rst station, but the agreement is fairly good at the last four.
This indicates that the model used overestimates the downstream
in� uenceof the favorablepressuregradient region locatedupstream
of the top of the bump.

Figure7 gives a logarithmicrepresentationof thevelocitypro� les
in wall variables. Also plotted in Fig. 7 is the modi� ed velocity
pro� le in the viscous sublayer, due to the pressure gradient:

uC D yC

³
1 C

PC

2
yC

´
; PC D

1

½

dP

dx

º

u3
¿

(7)

and the classical log law

uC D 2:44 .yC/ C 4:7 (8)

As observed by previous authors, a logarithmic region exists on all
pro� les, which is well representedby Eq. (8) and which is common
to the � ve stations in this representation.Its extensiondecreasessig-
ni� cantly when the adverse pressure gradient increases. The buffer
layer exists in all cases and is well captured by the measurements,
which stop at the limit of the viscous sublayer. The effect of the
pressuregradientappearsmainly in the wake region,which strongly
develops with s and reduces the extend of the log region. This wake
region is observed to split into two parts, separated by an abrupt
change in the slope of the pro� le.

As was mentionedearlier, a region where uC behavesas
p

yC can
be shown theoreticallyin the fully turbulentpart of the inner region,
with the hypothesis that the nondimensional pressure gradient PC

is large compared to 1 (Ref. 9). In the present study, this region was
sought.It canbe detectedjust above the log region. Its extent is fairly
limited and reduces from the � rst to the last station, where it nearly
disappears. In fact, the hypothesis that PC À 1 is not necessary
and, on the basis of the mixing length model, with lm D · ¢ y, the
momentum equation can be integrated in this region to give the
following velocity pro� le:

uC D .2=·/
p

1 C PC yC ¡ .2=·/ arcth
¡
1
¯p

1 C PC yC
¢

C C (9)

where C is an arbitrary constant and · D 0.41 the von Kármán
constant. This equation is in fact similar to the one proposed by
Townsend.9 The best � t of the model to the data was sought and
is not shown here. C is not universal and takes the values given in
Table 5 at the differentstations.Compared to the simple log law, this
model also allows the trend of the � rst part of the wake region to be

Table 5 Values of the constants in theoretical laws
(9), (11), (14), (15), and (22)

x, m s, m C E us u0
s Â D

17.35 0.350 15.5 15.2 12.3 0.132 1 11.5
17.63 0.640 11.63 11.6 14.1 0.128 1.26 11.5
17.90 0.918 8.5 / 16.7 0.119 1.5 11.6
18.24 1.267 5 / 18.2 0.108 1.9 11.5
18.58 1.611 9.5 9.5 15.5 0.085 1.5 11.6

predicted. This prediction is better (but not perfect) at x D 17:35 m
than at x D 18:24 m, where it gives only the general upward trend
of the velocity pro� le.

In the model of Eq. (9), only the in� uenceof the pressuregradient
has been lookedfor. In fact, in the presentcase, the boundarylayer is
submitted to a variable adverse pressure gradient and also to a vari-
able wall curvature changing from convex to concave with a fairly
long � at surface in between. As discussed in the Introduction,5¡7

it can be expected that the mean velocity pro� le is affected by this
curvature. Only the � rst and the last measurement stations are di-
rectly subject to wall curvature of opposite sign. The radius of
curvature is Rc D C1:27 m at x D 17:35 m and Rc D ¡1:74 m at
x D 18.58 m. Thus, following the literature, the wake region should
be affected at the � rst station and the near-wall region at the last
one. At x D 18:58 m, different from the study of So and Mellor,5

the log region is still present (Fig. 7). Following Cousteix,20 it is
possible to introduce a modi� cation of the mixing length model
of the form

lm D ·y[1 ¡ ®.y=Rc/] (10)

where Rc is the radius of curvature of the wall, which is positive
when the wall is convex, and ® should be of the order of 10.

With such a model, the velocity pro� le in the fully turbulent part
of the inner region becomes

uC D ¡ 2
·

arcth

³
1

p
1 C PC yC

´

C 2

·

³
1 C

PC

®
ReC

c

´
¢ arcth

Á p
1 C PC yC

p
1 C .PC=®/RC

c

!
C E (11)

with E an arbitrary constant.
The best � t of this model was also sought. The value of ® was

25 at all relevant stations, and the values of E are given in Ta-
ble 5. The prediction is signi� cantly improved at x D 17.35 m. The
pro� le is correctly represented up to the slope change of wake re-
gion. This model also brings an improvement, with Rc D 1.7 m, at
x D 17:64 m, where the wall has just � attened. One can suspect
that the streamlines are still curved at this station. At x D 18:58 m,
the wall curvature seems to act in the wrong direction, indicat-
ing that phenomenonother than curvatureshouldbe more important
there.

At this stage, the questionarisesas to whether the regionabove the
log law should scale in wall variables or whether more appropriate
characteristic parameters could be found. Attempts to � t classical
wake functions such as Coles’s8 law of the wake were not success-
ful. From Fig. 7, it appears that the region localized just above the
log region, which spreads roughly between yC D 100 and 1000, is
intermediate between the wall region and an external wake region.
Such a region should scale neither in wall variables nor in external
variables. This was more or less identi� ed by Durbin and Belcher21

in their proposal of local scaling velocity based on the pressure
gradient:

u p D
³

1

½

dP

dx

º

u3
¿

´ 1
3

(12)

The nondimensionalvariables are then

Ou D u=u p ; Oy D yu p=º (13)
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An attempt was made to � t this model to the presentexperimental
results, but this representationshows poor universality in this case.

Another proposal, which appears quite successful for that re-
gion, is that of Perry and Sho� eld,12 which has been revisited by
Dengeland Fernholtz.14 The latter authorsusea defect law represen-
tation with a scaling velocity us determined by � tting the following
equation:

.u=Ue/ D 0:47.us=Ue/
3
2 .y=±¤/

1
2 C 1 ¢ ¡.us =Ue/ (14)

to the half-power-lawpart of the pro� le.
The values of us obtained from the slope coef� cient of Eq. (14)

are given in Table 5. In agreement with the � ndings of Dengel and
Fernholtz (Ref. 14, Fig. 5), us is generally larger than Ue . This
means thatthe scalingvelocityinsidethe shearlayeris largerthan the
maximumvelocityof the � ow at that station.This makes thephysical
interpretation of us dif� cult, and in the present case, the velocity
pro� les are not universal in this representation.Nevertheless, note
that Dengel and Fernholtz do � nd universal pro� les for boundary
layers around the separation region, but with much larger values of
the shape factor than in the present case (2.2< H12 < 4). The wake
region does not appear to scale on external variables.Thus, a second
attempt was made to � t a wall law to the half-power region:

u=u0
s D .2=·/.y ¢ u 0

s=º/
1
2 C F (15)

with · D 0.41. The correspondingvalues of u 0
s are given in Table 5.

As can be seen, in this case, the values of u 0
s are of the same order of

magnitude as u¿ , but vary much slower with x . The scaling velocity
can, thus, be interpreted as more representative of the friction in
the inner wake region than u¿ . If the u 0v0 pro� le were available,
it would be worthwhile to compare u 0

s to
p

.¿=½/ in this region.
With this new velocity scale, the defect law of Perry and Sho� eld12

becomes

.Ue ¡ u/=u 0
s D f .y=B/ (16)

With B D 2:86±¤ Ue=u 0
s , the pro� les at the last three stations (corre-

sponding to the larger values of H ) tend toward a common part in
this inner wake region.

In fact, because the boundarylayer under study is at an early stage
toward separation, u¿ is still signi� cantly different from zero and,
thus, can be considered to be still representativeof the inner region
as a velocity scale. One can then question the choice of the length
scale because this inner wake region is farther from the wall. By
analogy to the initial idea of Coles8 to estimate an external length
scale from the displacement thickness ±¤ as

± ¼ ±¤.Ue=u¿ / (17)

Fig. 8 Logarithmic plot of the mean velocity pro� les in mixed units at
the � ve measurement stations compared to Eqs. (22) and (24).

one can propose to de� ne an inner scale as

l ¼ ±¤.u¿ =Ue/ (18)

With such a de� nition, it is possible to scale the wall distance in the
following way:

y¤ D .y=±¤/.Ue=u¿ / (19)

Figure8 givesuC as a functionof y¤ at the � vemeasurementstations.
The intermediate wake region appears to tend toward a universal
pro� le as the adverse pressure gradient increases. This asymptotic
pro� le, corresponding to x D 18.24 m, appears to be nearly linear.
Taking into account the longitudinalmomentum equation which is

d
dy

³
¹t
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´
D dP

dx
; ¹t D ½ ¢ l2

m ¢
­­­­
du

dy

­­­­ (20)

and neglectingthe convection terms, one can propose the following
mixing length law for that region:

l¤
m D Â

p
y¤ (21)

Such a mixing length leads to the following form of the mean
velocity pro� le:

uC D .1=Â/
£p

y¤.1 C ¯ 0 y¤/

C
¡
1
¯p

¯ 0
¢ ­­̄0

p
y¤ C

p
1 C ¯ 0 y¤

­­¤ C D (22)

where D is an arbitraryconstant and ¯ 0 is the nondimensionalpres-
sure gradient in the following form:

¯ 0 D 1
½

dP

dx
±¤

Ue ¢ u¿

D ¯
u¿

Ue
(23)

In Fig. 8, together with the experimental results, the predictions
with the model of Eq. (22), where Â and D were optimized for
each station, are presented. The corresponding values of Â and D
are given in Table 5. As can be seen, the velocity pro� les in the
intermediate region are fairly well represented by the model. This
is particularlytrue for all but the � rst one (x D 17.35 m), which was
shown earlier to be affected by curvature, a parameter which is not
taken into account in Eq. (18). At the � rst two stations, departure
is observed in the outer part of the inner wake region, which is
in agreement with the literature concerning the effect of convex
curvature. Figure 8 also shows that both the experiment and the
model tend toward a nearlyuniversalpro� le at the last three stations.
This was also found with the u 0

s scaling but mainly at the last two
stations. Also plotted in Fig. 8, is the logarithmic Eq. (8), which, in
this representation, is

uC D 2:44 y¤ C
¡
Ue±

¤
¯

º
¢

¢ .u¿ =Ue/
2 C 4:7 (24)

The value of the constant, which is now a function of the Reynolds
number, varies between 10 and 11 at the various stations.The curve
represented in Fig. 8 corresponds to a constant value of 11. Table 5
shows that D is nearly constant and that Â is varying with the pres-
sure gradient. To characterize this variation, the relation between Â
and ¯ 0 has been investigated.A least-square � t gives

Â D 1 C 0:9¯ 0 (25)

with a correlation coef� cient R2 D 0.98.
Thus, it can be concluded from the present results that the mean

velocity pro� le follows faithfully the law of the wall at all stations.
As the � ow progresses in the adverse pressure gradient, the log re-
gion reduces in extent,while an innerwake regiondevelopsabove it.
This inner wake region shows a linear velocity pro� le, correspond-
ing to a half-power mixing length law. The slope of this mixing
length law appears as a simple linear function of a new pressure
gradient parameter ¯ 0, which, different from the usual ¯ parameter,
takes into account both the external and the friction velocities.This
innerwake regionshows a characteristiclengthscale that is different
from the wall region length scale.This new length scale, which is of
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inner type, together with previous results of the literature, empha-
sizes the role of the displacement thickness ±¤ in adverse pressure
gradient boundary layers.

To verify whether this new scaling is peculiar to the present � ow
or has more generality, the data from Ludwig and Tillman (see
Ref. 3, pages 1100, 1101) were plotted in this representation.The
mild adverse pressure gradient case was selected as a con� guration
comparable to the present one. The pressure gradient of this � ow
shows some similarity with the one in Fig. 5, but the Ludwig and
Tillman experiment has no curvature effect. The results, which are
not presented here, show that the proposed model � ts fairly well
with the data. The linear region appears again just above the log re-
gion and extends outward as the � ow progresses downstream. The
parameter D takes a constant value, which is fairly different from
the present one (16.2 instead of 11.5). The coef� cient Â also shows
differentbehavioras it tends rapidly to a constantvalue of 2.5. This
leads to the conclusion that these two coef� cients are dependent
on the � ow under consideration and that more experiments should
be analyzed to � nd their general behavior. Nevertheless, the results
show again that the proposed scaling leads the velocity pro� les to
tend to universalityas the � ow progressesdownstream.This behav-
ior can be compared to jets and wakes where the self-similar region
appearsat some distancedownstreamof the originof the considered
� ow.

To conclude, it appears that the external part of the wake on
these velocity pro� les does not follow usual wake laws. (Several
attempts were made to � t them.) This region is interpreted here as
a downstream persistence of the wake part of the incident � at plate
BL that has been submitted to a strong favorable pressure gradient
before the adverse pressure gradient region under study.

IV. Conclusions
An experimenthas been devised to study the possibilitiesof � ow

control of a TBL submitted to an adverse pressure gradient. This
situation is typical of the suction side of an airfoil (or a � ap) at
high angle of attack, and care was taken, by computing the shape of
the model with a two-dimensional Navier–Stokes solver, to gener-
ate � ow conditions representative of � ight. The aim of the present
paperwas to presenta detailedcharacterizationof the basic � ow be-
fore the actuation tests. For that purpose, wall pressure distribution
and velocity pro� les at � ve different stations were measured. The
pressure distribution obtained appears to mimic precisely the one
expected from the preliminary computationsperformed at Dassault
Aviation. As happens on the suction side of an airfoil, in the diverg-
ing part, the � ow is submitted to both an adverse pressure gradient
and curvature. Although the model shows a straight diverging part
of signi� cant extent, the BL under study is far from the equilibrium
conditions as de� ned in detail by Townsend.9 This is clearly indi-
cated by the evolution along the � ow of the integral parameters of
the BL. In fact, the present BL can be considered to be submitted
to a mild adverse pressure gradient because at the end on the bump
the shape factor H12 has a value of 1.7, which is not too near the
separation value (H12 » 2). As compared for example to studies by
DengelandFernholtz,14 who were lookingat phenomenaaroundthe
separation region, the present experiment is more concerned with
what happens at the early stage of the separation process, when the
BL starts to encounter the adverse pressure gradient, far upstream
of the separation point.

When the meanvelocityand turbulenceintensity(not shownhere)
pro� les measured at � ve stationsby single hot-wireanemometryare
examined, it appears that an instabilitydevelops very early after the
change of sign of the pressure gradient in the near-wall region. This
instability is clearly detectable on the turbulence intensity pro� les
by a second peak, which develops just above the near-wall peak and
rapidly overwhelms it. On the mean velocity pro� les, the main con-
sequenceis a linear innerwake region,which developsabove the log
layer.A comparisonwith variousproposalsfrom the literature14;20;21

shows that this region does not scale following previous proposals
and, in particular,does not scale with external variables.The analy-
sis does show that the friction velocity u¿ is still a relevant velocity
scale in that region, whereas º=u¿ , which is the usual length scale in
the near-wall region,has to be replacedby l ¼ ±¤.u¿ =Ue/ to obtain a

universal representationof the linear part of the mean velocity pro-
� le. A far as turbulencemodeling is concerned,as observedby most
previous authors, a universal logarithmic region, witness of a linear
variationof the mixing length, is observedat all stations.The size of
this log region decreases along the � ow. Just above the log region,
in the linear part of the pro� le, a half-power mixing length law has
been put in evidence,which allows the evolutionof the velocitypro-
� les to be predicted fairly well. It was also put to evidence that, at
the � rst two stations, where the BL is still quite thin and energetic,
the velocity pro� les are in� uenced by the convex wall curvature.
This is not true at the last station where the wall is concave, but
the BL is much thicker and already strongly in� uenced by the ad-
verse pressuregradient.To check the universalityof the new scaling
and mixing length proposed, they were applied to the reference ex-
periment of Ludwig and Tillman.2 The mild pressure gradient case
was selected as comparable to the present experiment. The results
show that the model � ts quite well with these reference data in the
inner wake region, but with different values of coef� cients. As far
as scaling is concerned, the two experiments show a tendency to-
ward universality as the � ow progresses downstream. This should
be con� rmed by a more extensive study of results available in the
literature.
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